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Feedback control — cruise control example

Controller
U > Y
d — System — ¢
u — control input (accelerator/brake)
y — measured output (speedometer)

d — disturbance input

¢ — regulated output

(hills, rain, etc.)

(difference from desired speed)
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Networks of systems

Controller

d — System — ¢

» Many distinct subsystems

» Traditional control — one centralized controller

3 /64



Distributed control

» Independent controllers must coordinate

» Here, simple communication topology

4 /64



Structured control
1?
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» Separate subsystems have associated controllers




Structured control

lers

1

» Separate subsystems have associated contro

» Traditional controller design: all-to-all communication architecture



Structured control

» Separate subsystems have associated controllers

» Want: sparse communication architecture




Applications

SATELLITE FORMATIONS ~ COMBINATION DRUG THERAPY

.

POWER NETWORKS CONTROL OF BUILDINGS

Without vibration With Vibration
control devices control devices.

.
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Outline

I STRUCTURED OPTIMAL CONTROL

» regularization
» convex classes

» example: combination drug therapy

II NONCONVEX REGULARIZED PROBLEMS

» proximal augmented Lagrangian

» example: edge addition in directed consensus networks

IIT CONVEX REGULARIZED PROBLEMS

» Second-order saddle point dynamics

» example: LASSO

64



STRUCTURED OPTIMAL CONTROL

o = = = = vaAe
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Effect of control

Controller

disturbance — d —

System

—— ( — performance

dynamics:

T

= (A - F@)y + Bid
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Effect of control

Controller
System
disturbance — d —| —— ( — performance
dynamics: ¢ = (A — F(z))¢ + B d

performance: ( = { Q(l)/z } Y+ { D(()x) ]z/}



Static feedback
b =

A + Bid + Bsu

1/2 0
STATE-FEEDBACK: u = — X1
» F(X)=—-ByX

» D(X)=-R'2X

Ha >
10 / 64



Static feedback

v = A 4+ Bid + Bau
- QI/Q / 0
g_{o V| gz |
STATE-FEEDBACK: u = — X1

» F(X)=—-BX
» D(X)=-R'2X

OUTPUT FEEDBACK: y = Cyth, u = — Xy
> F(X) = —BQXCQ
» D(X)=-R'Y2XC,
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Performance metrics

DESIGN controller = TO MINIMIZE effect of d on (

» CLOSED-LOOP Ho NORM

folz) == lim B (¢"(t)¢(1))

t— o0

» Variance amplification d — ¢

» ‘Average’ measure

11 /64



Performance metrics

DESIGN controller = TO MINIMIZE effect of d on (

» CLOSED-LOOP Ho NORM

folz) == lim B (¢"(t)¢(1))

t— o0
» Variance amplification d — ¢

» ‘Average’ measure

» CLOSED-LOOP H,, NORM

HCH£2

1) e, =1 1l .

wo(z) =

» Worst-case amplification d — ¢

» Peak of frequency response
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Structure via regularization

minimize f(zx) + v9(Tx)
performance structure

» f — possibly nonconvex; cts-differentiable
» ¢ — convex; often non-differentiable

» v > 0 — performance vs structure tradeoff

12 /64
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Structure via regularization

minimize f(zx) + v9(Tx)
performance structure

f — possibly nonconvex; cts-differentiable
g — convex; often non-differentiable

v > 0 — performance vs structure tradeoff

x — design variable (e.g., feedback gain matrix)

Tz — enforce structure in image of x

12 /64



Typical regularizers

EXAMPLES

> g@) = el =) lail
> g(x) = Ie(x)

> 9(X) = [ X].

sparse x

convex constraints

low rank x
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Typical regularizers

EXAMPLES
> g(z) = [zl =) il
> g(x) = Ic(x)

> 9(X) = [ X].

APPLICATIONS
» Compressed sensing
» Machine learning

» ‘Netflix problem’

Negahban, Yu, Wainwright, Ravikumar,

sparse x
convex constraints

low rank x

LASSO
regularized logistic regression
matrix completion

‘09

13 /64



Limited communication via sparse feedback control
controller layer

* *
X =

*
e * -

*

A = *
* * %

physical layer -

Qe
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Structured H., control
KYP LEMMA: foo(z) < ANiff 3P > 0 s.t.

cTc + (A — F(z))'P + P(A — F(z)) PB

BTPp ey | 0
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Structured H., control

KYP LEMMA: foo(z) < ANiff 3P > 0 s.t.

cTc + (A — F(z))'P + P(A — F(z)) PB
BTPp | <0
Convexity via Z := PF(x)
ctc + ATp — zT + PA — Z PB
BTp e | 20

Similar change of variables for Ho

5 /64



Structure via regularization

» State-feedback F(X)P = —ByXP = —ByZ

» Structural constraints on X bilinear in P, Z

«O)>» «F)»r « =)»

<

i
-

DA
16 / 64



Actuator /sensor selection

» Row-sparsity preserved

» Select inputs which yield best closed-loop performance

|| P!

» Efficient algorithm for actuator/sensor selection SDPs

Dhingra, Jovanovié¢, Luo, CDC ‘14

[m] = = =
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Structure via regularization

DIAGONAL P: preserve sparsity structure

/2

» Conservative (except for Hoo control of positive systems)
» Bilinear box constraints X;; = Z;;/P;; € [—1,1]

Tanaka & Langbort, TAC ‘11
0. .5, Rantzer ‘12, ‘15,
18 /64



Decentralized control of positive systems

b= (A~ F@)y + Bid
¢ = Q'

» Positive systems: (0) > 0, d(t) > 0 implies ¢»(¢) > 0 for all ¢
> Blu Q1/2 2 0
» A Metzler (off-diagonal elements nonnegative)

» Decentralized control — F'(x) diagonal

EXAMPLES

» Leader selection in directed consensus networks

» Combination drug therapy

19 / 64



Combination drug therapy

Y = (A—i—Za;ka)w—i—d

k=1

* ok
* *
* *
A
*
*

F

» Mutant v; mutates to 1; at rate Aj;

» Drug zy, kills ¢; at rate (Fy);
Rantzer & Bernhardsson CDC ‘14

Jonsson, Rantzer, Matni, Murray-CDC ‘14

20 /64



Decentralized control of positive systems
» Background

» Combination drug therapy
» L1 control

Jonsson et al CDC ‘14
Rantzer & Bernhardsson CDC ‘14
Colaneri et al., AUT ‘14
» Contributions
» Hs/Hoo norms convex in x

» Leader selection

Dhingra, Colombino,
Jovanovié¢ ECC ‘16
Dhingra, Colombino,
Jovanovié CDC ‘16
» Robust control
» Time-varying z(t)

Colombino, Dhingra,
Jovanovié, Smith CDC ‘16
Dhingra, Colombino, Jovanovié,

Rantzer, Smith SCL ‘16

D¢

21 /64



Combination drug therapy for HIV

Balance performance with structure

Budget Z e, < T
Maximum dose r < T}
k requires j T < T4

Only k or j zp +x; <1
®eo

35 HIV mutants, 5 drugs

Model credit: Klein et al ‘12

22 /64



Proximal operator

» PROXIMAL OPERATOR

} 1
prox. . (v) = argmin 7g(z) + Q—Hx — vl?
v 7
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Proximal operator

» PROXIMAL OPERATOR

} 1
prox. . (v) = argmin 7g(z) + ?Hl’ — vl?
v 7

» /1 NORM — SOFT-THRESHOLDING

v

V= Yp v elL

prox,,,(v) = ¢ 0 |v] g/t

<
vty v S YR

Parikh & Boyd, Fn'T Optimization ‘14
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Proximal gradient method
minimize f(z) + vg(z)
GENERALIZES GRADIENT DESCENT

ghtl = proxwkg(:nk — aVf(zh))

step-size ay

24 /64



Proximal gradient method

minimize f(x) + vg(x)

GENERALIZES GRADIENT DESCENT

ghtl = proxmkg(:nk — aka(:Bk))

step-size ay
convergence for f with Lipschitz cts gradient
simple if prox, easy to compute
cannot be applied to g(7'z)
acceleration with constraints (e.g., stability) challenging

Beck & Teboulle, STAM J. Imaging Sci. '08

24 /64



Combination drug therapy — Budget

Optimize f5(x) or fo(x) subject to budget constraint

minimize f(x)

subject to Y xp < 1
zr > 0
Antibody THy T
3BC176 | 0.5952  0.9875
PG16 0 0
45-46GH4W | 0.2484  0.0125
PGT128 | 0.1564 0
10-1074 0 0
Performance TH, TH.
fo(x) | 0.6017 1.1947
foo(z) | 0.1857 0.1084

25 /64



Combination drug therapy — regularized
SELECT DRUGS:
z(y) = argmin  f(z) + zT2 + v, wi|og

Increase ~ until desired sparsity
POLISHING: design doses

minimize f(z) + 2’z

subject to sp(x) € sp(x(y))

26

64



Combination drug therapy — regularized

SELECT DRUGS:
z(y) = argmin  f(z) + 2"z + 735, welal
Increase v until desired sparsity
POLISHING: design doses
minimize f(z) + 2’z
subject to sp(z) € sp(z(v))
150 .

-'D'H::c optimal

g
N 100 _,.._H2 optimal
2 h0
IS
( G
1 2 3 4 i)

number of drugs

= =

DA
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NONCONVEX REGULARIZED PROBLEMS

o = = = = wac
27 /64



Example: edge addition in directed consensus networks

» Distributed information exchange

b =—Lyy
» If balanced, nodes approach average initial value, 1;(t) — ¢

[m]

=

DA
28 /64



Consensus networks

DyNAMICS
1/} = _LpQ/) +d

PENALIZE DEVIATION FROM AVERAGE

¢ = [I— (l/n)]l]lT]¢

29 /64



Consensus networks

DyNAMICS .
Y = —(Lp + L)y +d

PENALIZE DEVIATION FROM AVERAGE

I— (1/n)117
¢c= | TR v

ADD EDGES TO NETWORK

» F(w) = L. — graph Laplacian of edges w

» w = T'x parametrizes balanced graphs

29 /64



Consensus networks
minimize fo(x) + | Tx|
X
Performance:

» Ho norm of deviations from average

Structure:
» Balanced L.

» Minimize number of edges

30 /64



Auxiliary variable

minimize f(x) + vg(z)

T,z
subject to Tz — z = 0
> benefit: decouples f and g

AUGMENTED LAGRANGIAN

Cola.zy) = f@) + 9(2) + (.Te — 2) + ;MHTx )

31 /64



Method of multipliers

T,z

(xk+1,zk+1) = argmin »CIU,(CC7 Z3 yk)

Zk-i—l)

32 /64



Method of multipliers

(xFF1 A1) = argmin Lz, z; y")
€,z
1
Yyl = gk 4 ﬁ(Tﬂka - #)

» guaranteed convergence to local minimum

» challenge: joint minimization over x and z

32 /64



Method of multipliers cartoon

0.5

D¢
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Method of multipliers cartoon

A

f(x) + 9(2)
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Method of multipliers cartoon

O (z°,2°)

v

£M(£7 2 yO)

DA
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Method of multipliers cartoon
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Method of multipliers cartoon

O (z°,2°)

v

EM(:U7 2 yl)

D¢
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Method of multipliers cartoon

(z,2%) /4
<

O (z°,2°)

v

EM(:U7 2 y*)

D¢
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Method of multipliers cartoon

(xt,2") /4

O (z°,2°)

v

EM(:U7 2 y*)

D¢
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Method of multipliers cartoon

4

(22,2%)

(zv2) @
Q

6(1)0,,20)
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Alternating direction method of multipliers

zFt1 = argmin L, (x, 2P o) differentiable
xX

KL = argmin £, (zF 25 ) prox.,,(-)
z

k1 k Lo k1 k+1

yrtto= Yt o+ ;(Tw - 2")

34 /64



Alternating direction method of multipliers

ok — argmin ,Cu(x, zk; yk) differentiable
xr

241 = argmin £u(xk+1, 2 %) prox.,,(-)
z

k+1 k 1 k+1 k+1

Y = ¥ + ;(Tﬂf — 2"

» convenient for distributed implementation
» convergence speed influenced by p

» challenge: convergence for nonconvex f

Hong, Luo, Razaviyayn, STAM J. Optimiz. ‘16

34 /64



Alternating direction method of multipliers cartoon

(1,‘1,20

G—0 (@)

v

£M(£7 2 yO)
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Alternating direction method of multipliers cartoon

(z,2")

(1,‘1,20

O (z°,2°)

v

£M(£7 2 yO)

DA
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Alternating direction method of multipliers cartoon

r=z
(242"
O
® *
(1,‘1,20
o ®(2°,2°)
x

£M(£7 2 yl)

DA
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Alternating direction method of multipliers cartoon

(z4,2%) (z2,2%)
e

*
(1,‘1,20
o ®(2°,2°)
x

£M(£7 2 yl)

DA
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Alternating direction method of multipliers cartoon

T =z
(x424)  (2%,2Y)
O
R *
x2,2?)
(1,‘1,20
o 0 (20,2°)
z

£M(£7 2 yl)

DA
35/ 64



Alternating direction method of multipliers cartoon

D
=
—
&
&
<
[v)
S—
v

DA
35/ 64



Alternating direction method of multipliers

¢ = argmin £, (z, 25 yF) differentiable
x

AL = argmin £, (aFL 25 yF) prox. ,,(-)
z

k1 k 1 k41 k+1

o=yt + ;(Tx -2

36 /64



Proximal operator and Moreau envelope

» PROXIMAL OPERATOR

. 1
prox. . (v) = argmin 7g(z) + Q—Hx — vl?
v 7

MOREAU ENVELOPE

. 1
M, (V) = 12f vg(z) + ﬂ |z — vH2
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Proximal operator and Moreau envelope

» PROXIMAL OPERATOR

. 1
prox. . (v) = argmin 7g(z) + Q—Hx — vl?
v 7

MOREAU ENVELOPE

. 1
M, (V) = 12f vg(z) + ﬂ |z — vH2

» continuously differentiable
even when g is not

VM’YMQ(U) - (U - prox’yug(v))

1
"
Parikh & Boyd, FnT in Optimization ‘14

37 /64



Example

» SOFT-THRESHOLDING — PROXIMAL OPERATOR FOR /1 NORM

. 1
minimize Z (’y |zi| + — (& — Uz’)2>
(2

24

separability = element-wise analytical solution

prox operator
soft-thresholding

Moreau envelope VM

Huber function saturation

Proxgag, (vs)

38 /64




Proximal augmented Lagrangian
1

Lu(x, zyy) = f(x) + vg(2) + o

.

L
|z — (Tz + py)|* — 5 lylI?

MINIMIZE OVER 2z

39 /64



Proximal augmented Lagrangian
1

Lu(x, zyy) = f(x) + vg(2) + o

.

L
|z — (Tz + py)|* — 5 lylI?

MINIMIZE OVER 2z

*

2" = prox,, (T + py)

EVALUATE £, AT z*

Ly(z;y) = Lu(z, 2(x,v); y)

1
= f(@) + 7 Myy(Tz + py) — 5 llyl?

continuously differentiable in = and y

39 /64



Proximal augmented Lagrangian MM
bl = argmin £, (z; y¥)

x
k+1

0

yk + —(Ta:k'H _ proxwg(ka‘H + Nyk))

Ha >
40 / 64



Proximal augmented Lagrangian MM

zFtl = argmin L, (x; y*)
x

1
yk—i—l _ yk + E(T:E’H‘l — proxﬂyyg(T:L‘k—i_l + #yk))

» nonconvex f: convergence to local minimum
» z-minimization step: differentiable problem

» adaptive p update

10 / 64



Proximal augmented Lagrangian method of multipliers
cartoon

mO

(z,2%(2,5°))

@ z°

Lz, 2y

Qe
41 /64



Proximal augmented Lagrangian method of multipliers
cartoon

ajO

(z,2%(2,5°))

@ z°

Lz, 2y

Qe
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Proximal augmented Lagrangian method of multipliers
cartoon

r =2z
xt

Qe
41 /64



Proximal augmented Lagrangian method of multipliers
cartoon

(z,2%(z,y%))

Eu(xa Z5 y*)

Qe
41 /64



Directed consensus network

IDENTIFY EDGES

x(y) = minimize fo(x) + v|[Tz[
x
DESIGN EDGE WEIGHTS
z*(y) =

minimize fa(x)
x

subject to sp(T'z) € sp(Tx(y))

[m]

=

42 / 64



performance loss (percent)

Directed consensus network

60%¥
20
40+
30+
20t
10

0

=~

0 10 20 30 40
number of added edges

43 / 64



Computation time (s)

10

Comparison with ADMM

—-2PAL

~0-ADMM g
| . -o-ADMM
500 1000 1500 2000

x 9ac

44 / 64



Comparison with ADMM

&\ “u —«PAL
150 ~ _ 1|-0-ADMM
— o 1072 apvm
o —«PAL g
£ S =
E g 102} e 5"
= 50 e -6 -8-90--5 3 f28
O (g}o - @) A
500 1000 1500 2000 7500 1000 1500 2000
m m
Outer iterations per outer iteration

Proximal augmented Lagrangian-based MM

» Guaranteed convergence

» Computational savings from reduced outer iterations

64



CONVEX REGULARIZED PROBLEMS

o = = = = wac
46 /64



Method of multipliers cartoon — primal-dual

Eu(l‘; y)



Method of multipliers cartoon — primal-dual

Eu(l‘; y)



Method of multipliers cartoon — primal-dual

z! = argmin E/L(:I:;;I/O)
xX

17

6

!



Method of multipliers cartoon — primal-dual

y' =" + (/) Lzt y?)

17

6

!



Method of multipliers cartoon — primal-dual

2

r° = argmin E/L(:I:;yl)
xT

17



Method of multipliers cartoon — primal-dual

v =y + (/) L2yt

17

6

!



Method of multipliers cartoon — primal-dual

x* = argmin L, (x;y*)
xX

17



Primal-descent dual-ascent cartoon
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Primal-descent dual-ascent cartoon
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Primal-descent dual-ascent

ARROW-HURWICZ-UZAWA TYPE GRADIENT FLOW

v

v

v

¥

continuous rhs even for non-differentiable g

_ [ -V, Eu($§ Y)
Vy ‘Cu(CU;y)

convenient for distributed implementation
strictly convex — convergence

strongly convex — conditions for exponential convergence

Arrow, Hurwicz, Uzawa, ‘59

Nedic & Ozdaglar, TAC ‘09

Wang & Elia, CDC ‘11

Feijer & Paganini, AUT ‘10

Cherukuri, Gharegifard, Cortés, SCL ‘15

49 / 64



Second-order updates

» First-order methods slow for high accuracy solutions

» Exploit second-order information

SECOND-ORDER METHODS FOR REGULARIZED PROBLEMS
» Proximal Newton Lee, Sun, Saunders, ‘14

» Forward-backward envelope Stella, Themelis, Patrinos, ‘16

50 /64



Second-order updates

ASSUMPTIONS:
» T ¢ R™*"™ full row rank

» ¢ separable

» f twice cts diffble, strictly cvx

Vi) + A7 (T 4 py — prox,,,(Tx + )

VEu(wiy) = Tz — prox,. (T + py)

51 /64



Second-order updates

ASSUMPTIONS:
» T ¢ R™*"™ full row rank

» ¢ separable

» f twice cts diffble, strictly cvx

Vi) + LI (Tw + py — prox,,, (T + uy)) ]

Vﬁu(x,y) - |: Tr — proxu,yg(TZU + ,LLy)

GENERALIZE DERIVATIVE OF prox,, WITH P

Vif + ST — (I -
v%@:[ [+ 4THI — P)T T( P)}

(I — P)T —uP

n negative m positive eigenvalues

51 /64



Dini derivatives

P = diag(p) and p; is a Dini derivative prox,, (v)

b — lim prox,.,(v +¢) — prox,. (v)

e—0*t 5

52 /64



Dini derivatives

P = diag(p) and p; is a Dini derivative prox,, (v)

b — lim proxwg(v—i—e) — Prox,.,(v)

e—0*t 5

4 Prox,g, (v;) A D;

R L1
(% (%
/a a —a a

0, |v|
Soft-thresholding S, (v) p € 1, v
{0,1}, |v| =a

52 /64



Second-order updates

Continuous time — differential inclusion

[ z ] € —(V3L,) 'VL,(z;y)

» convergence to saddle point of £, (z;y)

» Lyapunov function ||VEM(33;Q)”2

53 /64



Second-order updates
Continuous time — differential inclusion
T 2 p =1 )
HER IR e
» convergence to saddle point of £, (z;y)
» Lyapunov function ||[VL,(z;y)|?
Discrete time — algorithm
$k+1 l’k
[y’““] - [y’“} _a[

where [7 §T]" € (VL) 'VLu(2;y)

< &
| I

53 /64



Efficient second-order updates for g = ||-||;

T:I,pie{O,l}

VAf

=

or <9 = = = 9Dace
54 /64



Efficient second-order updates for g = ||-||;
T:I,pi € {0,1}

> Equality

D¢

54 /64



Efficient second-order updates for g = ||-||;
T:I,pi € {0,1}

V2 f

» Equality

» Limited matrix inversion (independent of 1)

D¢

54 /64



Efficient second-order updates for g = ||-||;
T:I,pi € {0,1}

Vef

» Equality

» Limited matrix inversion (independent of 1)
» Matrix-vector multiplication

D¢

54 /64



Second-order algorithm

Key question: how to assess progress?

» Merit function: primal-dual augmented Lagrangian
1 2
M@, z9,1e) = La(w,z55e) + 52 ITe = 2+ plye = ol

» y. — Lagrange multiplier estimate

Gill & Robinson, Comput. Optim. Appl. '12

55 /64



Second-order algorithm

Key question: how to assess progress?

» Merit function: primal-dual augmented Lagrangian
1 2
M@, z9,1e) = La(w,z55e) + 52 ITe = 2+ plye = ol

» y. — Lagrange multiplier estimate

Gill & Robinson, Comput. Optim. Appl. '12

Adaptively decrease p

Armand & Ombheni, Optim. Method Softw. '15

55 /64



v = 0.15Ymax

——2udMM
—FISTA
—ISTA
10”
o
8
I 10t
8
10°
0 100 200 300
iteration

Note: require AT A full rank

LASSO

1
minimize §||A:c — o> + lzlx

Y = 0. 85’Ymax
10°
——2udMM
—FISTA
—ISTA
107
10
10°
0 20 40 60 80
iteration

D¢
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LASSO

1
minimize §||A:c — o> + lzlx
v = 0.159max

7 = 0.859max
10°
——2udMM —2udMM
—FISTA —FISTA
—ISTA —ISTA
10’ 102
?
3
I 10t 10t
B
10 10°
0 05 1 5 2 0 0l 02 03 04 05
time (s) time (s)
Note: require AT A full rank

D¢
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Computation time (s)

10

LASSO — dependence on 7

——ondMM

A
S s SpaRSA
- — ~Matlab lasso
1 T N=—-
20 40 60 80
Percent of ymax
[m] [ -

DA
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LASSO — dependence on size

1
minimize §HA$ — b + vzl

(v = 0.159max) (v = 0.859max)
1 —2ndMM o —2ndMM P
10" |-=me SpaRSA e 100 |~SpaRSA -
— ~Matlab lasso| P — ~Matlab lasso| e

Computation time (s)

z € R", A e R¥™n" AT A full rank




Conclusions
STRUCTURED OPTIMAL CONTROL
» Regularization to induce structure

» Convex problems
» Actuator/sensor selection

» Decentralized control of positive systems

» Symmetric systems
PROXIMAL AUGMENTED LLAGRANGIAN
» Differentiable — method of multipliers
» Arrow-Hurwicz-Uzawa updates

» Dini derivatives — second-order method

60 / 64
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